We develop an analytical approach to the exciton optical absorption for narrow gap armchair graphene nanoribbons (AGNR). We focus on the regime of dominant size quantization in combination with the attractive electron-hole interaction. An adiabatic separation of slow and fast motions leads via the two-body Dirac equation to the isolated and coupled subband approximations. Discrete and continuous exciton states are in general coupled and form quasi Rydberg series of purely discrete and resonance type character. Corresponding oscillator strengths and widths are derived.
I. INTRODUCTION
Spatially confined elongated strips of graphene monolayer termed graphene nanoribbons (GNR) have attracted in recent years substantial interest both theoretically and experimentally (see [1] [2] [3] and references therein). GNR are of fundamental importance for nanoscience and nanotechnology applications. In general, surpass the gapless 2D graphene monolayers with fixed electronic, optical, and transport properties, and demonstrate flexible features
because of an open tunable electronic band gap governed by the ribbon width. In contrast to zigzag GNR, the armchair GNR (AGNR), which possess extrema of the energy bands at the common centre of the Brillouin zone are more amenable to a theoretical description. Below we will focus on the semiconductor-like quasi-1D AGNR having open band gaps ∆ N eh = ε Ne − ε N h determined by the distances between the electron (e) and hole (h) size-quantized energy levels ε N e,h ∼ d −1 induced by a finite ribbon width d.
Optical absorption caused by the transitions between the electron and hole subbands associated with the energy levels ε N e,h represents an effective tool to explore the electronic structure of the AGNR electronic structure. The key point is the inverse square-root divergence of the density of 1D states of free carriers at the band gaps, manifesting itself in the inter-subband optical effects. However, in the experimental spectra of real AGNR these singularities are replaced by a more complicated pattern. Excitons formed by the attractively interesting electron and hole drastically change the optical absorption properties in the vicinity of the edges determined by the energy gaps. It was shown for exciton absorption in a bulk semiconductor subject to a strong magnetic field [4] and in a narrow semiconductor quantum wire [5] that Rydberg series of exciton peaks arise below each edge and tend to a finite absorption at edges thereby shadowing the square-root singularity and modifying the fundamental absorption above the edges. In addition, quasi-1D semiconductor structures are preferable for exciton studies. In units of the exciton Rydberg constant Ry which the Rydberg constant is a fixed parameter, while for the AGNR Ry (x) ∼ ∆ N eh ∼ d −1 [6, 7] .
To date, the discrete part of the exciton absorption spectrum of GNR has been calculated numerically [9] [10] [11] [12] using approaches based on density functional theory, the local density approximation, and the Bethe-Salpeter equation. Jia et al. [13] and Lu et al. [14] used the tight-binding approximation, while Alfonsi and Meneghetti [2] employed the Hubbard
Hamiltonian in their ab initio calculations of the positions and intensities of the exciton peaks. Only a few of the recent approaches [15, 16] did not yet attract attention. In addition, the complete form of the exciton absorption coefficient has not been derived explicitly. Undoubtedly, numerical calculations are required for an adequate description of concrete experiments. Nevertheless, analytical methods are indispensable to make the basic physics of AGNR transparent and then to promote the application of these materials in nano-and opto-electronics using the dependence of the properties of the AGNR on the ribbon width.
In order to fill the mentioned gaps we develop an analytical approach, which yields an explicit form of the exciton absorption coefficient for AGNR. The electron-hole Coulomb attraction is taken to be much weaker than the effect of the ribbon confinement, which in turn means a narrow ribbon as compared to the exciton Bohr radius. The two-body Dirac equation describing the 2D massless electron-hole pair is solved in the adiabatic approximation. This approximation implies that the transverse motion of the particles governed by the ribbon confinement is much faster than its longitudinal motion controlled by the 1D exciton field, which is calculated by averaging the 2D Coulomb exciton potential over the electron and hole transverse states. In the single-subband approximation of isolated N-subbands the exciton energy spectrum is a sequence of series of the quasi-Coulomb strictly discrete Nn-levels positioned below the Nth size-quantized level and continuous subbands originating from each N-level. A coupling between the discrete and continuous exciton states, specified by the N = 0, 1 levels is taken into account in the double-subband approximation. Intersubband interaction converts the strictly discrete Nn-states into the quasi-discrete ones (Fano resonances), having nonzero energy widths, which manifest itself in the Lorentzian form of the exciton absorption peaks. Clearly, energetically lowest exciton series, corresponding to the ground size-quantized level N = 0 does not interact with the series lying above and remains discrete.
Our mathematical approach is based on matching the Coulomb wave functions with the functions obtained upon solution of the Dirac equation in the intermediate region by the iteration method. This procedure has been originally developed by Hasegawa and Howard [4] for 3D excitons subject to a strong magnetic field and then successfully extended to problems related to semiconductor (see [5] and references therein) and graphene [7, 18] nanostructures. The dependence of the exciton absorption coefficient on the ribbon width is studied analytically. Our results are in line with the conclusions based on numerical approaches and the corresponding experimental data. The aim of this work is to make AGNR attractive as optoelectronic devices due to the strong dependence of the exciton spectrum on the ribbon width.
This work is organized as follows. In Section 2 the general analytical approach is described. The energy levels of the discrete states and the exciton wave functions of the discrete and continuous energy spectrum are calculated in Section 3 in the single-subband approximation. The discrete exciton peaks and the continuous absorption are considered in Section 4. Section 5 provides the double-subband approximation to study the optical series of the Fano n-resonances, relevant to the first excited subband N = 1. In Section 6
we discuss the obtained results, compare them with the available data, and estimate the expected experimental values. Section 7 contains our conclusions.
II. GENERAL APPROACH
Below we consider the exciton absorption in an AGNR with width d and length L placed on the x−y plane and bounded by straight lines x = ±d/2. The polarization of the light wave is assumed to be parallel to the y-axis. Optical absorption in GNR associated with electron interband transitions has been studied numerically by Hsu and Reichl [19] as well as Gundra and Shukla [20] , while a comprehensive analytical approach was recently developed by Sasaki et al [21] . In particular, it was shown that the inter-subband y-polarized transitions are allowed between the electron N e and the hole N h subbands with the same indices N e = N h = N. Elliot justified thoroughly in Ref. [22] that the exciton absorption in semiconductors, can be treated as the electron-hole pair optical transition from the ground state described by the wave function Ψ (0) ( ρ e , ρ h ) to the excited exciton state Ψ (x) ( ρ e , ρ h ), in which the electron (e) and hole (h) with coordinates ρ e and ρ h are in the conduction and valence band, respectively. On extending the results of Elliot [22] and Sasaki et al. [21] to exciton transitions in a semiconductor-like AGNR, the exciton absorption coefficient α becomes
where
yy is the component of the dynamical conductivity
determined by the matrix element
of the Pauli matrixσ x calculated between the ground Ψ (0) and exciton Ψ is the graphene energy parameter , S = Ld is the area of the ribbon, ∆ N = 2ε N is the effective energy gap between the electron and hole subbands, branching from the size-quantized levels ±ε N in conduction and valence bands, respectively. The δ-functions in eq. (2) reflect the conservation laws in the system formed by the absorbed photon with the energy ω and momentum q ph plus emersed exciton of the energy E N n(s) and the total momentum K.
Following Elliott's approach [22] the wave function Ψ (0) related to the ground state of the electron-hole pair in an AGNR can be chosen in the form
where y = y e − y h is the relative y-coordinate and
The exciton wave function Ψ (x) can be found by solving the equation
In this equationĤ
is the traditional exciton Hamiltonian [23] formed by the electron and hole Hamiltonianŝ H j (ˆ k j ), j = e, h corresponding to the nonequivalent Dirac points
46Å is the graphene lattice constant). The Hamil-
containing the Pauli matrices σ x,y , unit matricesÎ j , j = e, h and the 2D Coulomb potential of the electron-hole attraction
Here ǫ eff = 1 2 (1+ǫ+πq 0 ) is the effective dielectric constant determined by the static dielectric constant ǫ of the substrate and by the parameter q 0 = e 2 /4πε 0 p ≃ 2.2 [6, 25] .
Further we choose the exciton wave function Ψ (x) in the form
and where
are the single particle wave-functions both related to the N subband. The exciton states consisting of the electron and the hole associated with the different N e = N h subbands are optically inactive and can be excluded from the expansion (9) (see [8] and references therein).
In equation (9) the sublattice wave functions Φ N A,B are as follows
where the functions ϕ N (x j ) are represented by
These wave functions form the single particle orthonormal wave functions [7] Φ N (
satisfying the equations
The introduced wave functions obey the equationŝ
Below to be specific we will consider AGNR of the family sigma = 1/3, providing a semiconductor-like gap structure, and we leave aside the case sigma = 0 corresponding to the metall-like gapless ribbon.
The components ϕ N (x j ), (j = e, h) in (10) and energies ε N in eq. (12) have been derived from the boundary conditions
which provide that the electron (e) and hole (h) states Φ N A,B multiplied by the factor exp i K (+,−) ρ j , and the exciton state Ψ (x) (8) vanish at both edges of the A and B sublattices (see Ref. [24, 26] for details).
Thus the wave functions Φ N (x j ) (11) constitute the basis set related to the transversely confined x-motion of free carriers with the size-quantized energies ε N > 0 in eq. (12), while
form an orthonormalized basis set for the calculation of the exciton wave function Ψ (x) (8) with the expansion coefficients u N α (y h )u N β (y e ).
Eq. (5) for Ψ (x) defined by eqs. (8)- (9) - (12) leads to the set of equations
written in terms of the centre of mass Y = 1 2
(y e + y h ) and relative y = y e − y h coordinates
with eq. (7) for the potential
In eq. (14) Q is the longitudinal component of the exciton total momentum and ∆ N = 2ε N is the effective energy gap between the electron and hole energy subbands.
Below we calculate the exciton states in the adiabatic approximation successfully employed in the literature for impurity electron states in AGNR [7] and in electrically biased ribbons [18] . It is implied that the longitudinal y-motion is much slower than the transverse x-motion i.e. the effect of the ribbon confinement significantly exceeds that of the exciton attraction. The adiabaticity parameter q representing the strength of the Coulomb potential in eq. (7) scaled with the graphene energy parameter p yields under the condition of adiabaticity q << 1, where q = e
It allows us to set
in eqs. (14) and consequently reduce these equations to those for the functions ξ N 1 , which describe the nonrelativistic 1D exciton with reduced mass µ = 2 |N −σ|π 2pd
being governed by the quasi-Coulomb potentials V N N ′ (y) (15) .
III. SINGLE-SUBBAND APPROXIMATION
Here we employ the single-subband approximation ignoring the coupling between the reduced electron-hole subbands with the different N. It follows from eq. (16), that in the narrow ribbon of small width d the diagonal potentials V N N dominate the off-diagonal terms in the set of equations (14) almost everywhere but for a small region |y| < d. This allows us to take V N ′ N = V N δ N ′ N and then to decompose the set (14) related to the nonrelativistic exciton into independent equations
with the diagonal potentials
calculated from eq. (15).
A. Exciton states
The method of solving eq. (18) has been developed originally by Hasegawa and Howard [4] in connection with the problem of an exciton in a bulk semiconductor in the presence of strong magnetic fields. The key point of their method is the matching of the Coulomb wave function corresponding to the potential V N (y) ∼ −|y| −1 and that derived by the iteration procedure using the exact potential V N (y) (15) . Since by now this method was widely and successfully employed for the study of impurities and excitons in low-dimensional semiconductor structures (see [5] and references therein for details) as well as graphene [7] only an outline of the calculations will be given below. At this stage we neglect the effect of the longitudinal total momentum of the exciton Q = q ph . The correction to the exciton binding energy caused by this momentum will be taken into account later on.
Discrete states
For |y| >> d eq. (18) with the potential V N (y) ∼ −|y| −1 (19) gives for the normalized wave function ξ N 1 (y)
(τ ) is the Whittaker function [27] .
For d << |y| << ν −1 we employ the trial function ξ 
Equating function (22) to that derived from eq. (20) and using the standard expansion of the Whittaker function for τ << 1 [27] , we arrive at the equation for the quantum defect
and for the coefficient
where ψ(x) is the psi function (the logarithmic derivative of the gamma function Γ(x)) and C = 0.577 is the Euler constant. The exciton energy levels
are the quasi-Rydberg series adjacent to the reduced size-quantized energy N-level from low energies. Clearly the equations (20) and (26) are valid under the condition νd << 1 with
, which is ensured by the smallness of the adiabatic parameter q << 1.
Continuous states
At |y| >> d the wave function ξ N 1 (y) normalized to δ(E − E ′ ) becomes
and Θ is the corresponding phase.
The iteration procedure performed with the trial function ξ 
Matching the function (29) with that derived from eq. (27) for |t| << 1 we obtain the equation for the phase Θ
and σ(ζ) = argΓ(−iζ). The coefficient c 1 (s) becomes
The equations (27) and (30) are valid for the energy region above the threshold ∆ N , for which sd ≪ 1.
IV. SPECTRUM OF THE EXCITON ABSORPTION
Using eq. The contribution α (N ) (see eqs. (1), (2)) to the coefficient of the exciton absorption α in the vicinity of the edge ∆ N = 2ε N reads
where α 0 = e 2 /4ε 0 c ≃ 2.3 · 10 −2 is the absorption of the suspended graphene. The coefficients ξ N 1 (0) = c 0 (n) (eq. (25)) and ξ N 1 (0) = c 1 (s) (eq. (32)) are responsible for the oscillator strengths of the discrete spectral peaks and for the shape of the continuous absorption, respectively.
Discrete spectrum
It follows from eq. (33) that the discrete spectrum of the exciton absorption is a Rydberg series with peaks at the frequencies
2 are the exciton Rydberg constant, Bohr radius and reduced mass, respectively. All these parameters are induced by the ribbon confinement.
The oscillator strengths f (N ) n of the exciton n-peaks have the form
where the quantum defects δ N n are given in eq. (24) .
Continuous spectrum
In view of eq. (32) the continuous spectrum of the exciton absorption (33) is given by
with In the vicinity of the edge ( ω = ∆ N ; ζ → ∞) we obtain from eqs. (33) and (36)
(37) where
At the edge (ζ → ∞) and in the logarithmic approximation | ln q| >> 1 eq. (37) reduces 2Ry (x) . The effect of the longitudinal total exciton momentum Q can be calculated from eq. (18) and provides for the total energy E N n of the bound exciton
; n = 0, 1, 2, . . . ;
where Ry (x) is determined via eq. (34). Thus the motion of the centre of mass increases both the total and binding energies of the exciton.
V. DOUBLE-SUBBAND APPROXIMATION
At the next stage we take into account the coupling between the exciton states of the discrete energy spectrum adjacent to the first excited size-quantized energy gap ∆ 1 to states of the continuous spectrum originating from the ground energy gap ∆ 0 . We set N, N ′ = 0, 1 in the system of nonrelativistic equations
resulting from the general set (14) for q ≪ 1 and Q = 0. Then we take ξ 
The condition for solvability of equations (40) 
In eq. (44) the specific oscillator strengths are the same as those in eq. (35). The following notation for the resonant shift ∆E 1n and the resonant width Γ 1n has been used
The quantum defects β 1n = κ 1n − n can be calculated from eq. (24) VI. DISCUSSION
The exciton absorption spectrum calculated in the single-subband approximation consists of the sequence of the Rydberg N-series of peaks of δ-function type with intensities |c 0 (n)| n adjacent to the ground size-quantized level N = 0, overlap with the branches of the continuous spectra, originating from the lower N-levels. As a result only the ground series N = 0 is formed by transitions to the strictly discrete exciton states, while the others N = 0 series are associated with transitions to the Fano resonant states, induced by the inter-subband coupling between the overlapping discrete (n) and continuous (s) exciton states, related to various subbands [17] . Thus in the multi-subband approximation only the ground exciton Rydberg series α n , N = 0 consist of the absorption maxima of finite height and nonzero Fano frequency width Γ N n , previously calculated for the impurity electron in AGNR [7] and for low-dimensional semiconductor structures (see [5] and references therein). Below we focus on the exciton absorption spectrum associated with the ground size-quantized subband N = 0 (see Fig.1 ). The corresponding results coincide qualitatively with those calculated in the single-subband approximation for the frequency regions relevant to the subbands N = 0.
It follows from eqs. (33) and (35) that the oscillator strengths of exciton peaks of the δ-function type at frequencies (34) rapidly decrease as ∼ n −3 with increasing quantum number n. The intensities of the excited peaks n ≥ 1 scaled with the ground maximum n = 0 obey the inequality β 2 0n β 00 /n 3 ≪ 1. Thus as presented in Fig.1 , optical absorption at ω < ∆ 0 is practically concentrated in the region of transition to the ground exciton state n = 0. On narrowing the ribbon, the positions of peaks (34) ω n ∼ d −1 shift towards higher frequencies, and their oscillator strengths f
n ∼ |c 0 (n)| 2 increase in magnitude (Fig.2) .
With decreasing ribbon width d the distance | ω In the continuous spectral region ω ≥ ∆ 0 (Fig.1 ) the exciton absorption the ground peak and the disappearance of the singularity of the 1D density of states, are the common signatures of the 1D exciton absorption. Earlier this was found for 1D excitons in bulk semiconductors subject to a strong magnetic field [4] and in semiconductor quantum wires [5] . Recently an analogous result was obtained by Portnoi et al. (47), respectively, we take
Note firstly that the resonant shifts ∆E N n ∼ ∆ N q 4 are much less than the resonant widths Γ N n ∼ ∆ N q 3 at q ≪ 1, (∆E N n ≪ Γ N n ) and secondly the resonant shifts do not change the discrete character of the exciton energy spectrum at E ≤ ∆ N , while the resonant widths are the characteristics of the continuous spectrum accounting for the finite life-times τ N n = /Γ N n of the exciton states. We point out that the relationship between ∆E N n and Γ N n strongly depends on the dimension of the structure. For 1D structures, namely AGNR, bulk semiconductors subject to strong magnetic fields [30] and quantum wires [5] , ∆E N n ≪ Γ N n , while for 2D systems such as QW [8] and superlattices [31] , ∆E N n ≫ Γ N n .
Eq. (47) 
related to the ground n = 0 and excited n = 1, 2. . . . exciton states. It follows from Eqs. (35) and (47) for the oscillator strengths and the resonant widths, respectively, that
Thus in contrast to the exciton series adjacent to the ground subband N = 0 for which the ground exciton peak n = 0 significantly exceeds in intensity the excited ones n = 1, 2, . . . for the ribbon consisting of 55 dimers (d ≃ 6.6 nm) and those presented by Sasaki et al.
( Fig.3 in Ref. [21] ) are given in Table 1 [21] and [28] are in very good agreement (see Table 1 hydrogen-passivated edges [10] or with an unspecified dielectric constant ǫ eff ( r) [16] .
We estimate the binding energy E 10 ≃ 3.8 meV. The latter is in line with the conclusion made in Ref. [32] that the exciton series relevant to the N-subband become markedly suppressed with increasing subband index N.
The width Γ 10 (47) and the maximum absorption coefficient α with respect to excitonless 2D graphene layers, for which α 0 = 2.3 · 10 −2 can be used in optoelectronics and applied optics. We believe that the proposed analytical approach will be useful for both theoretical studies and practical applications of the scalable exciton effects in the AGNR. The expected experimental values are estimated for concrete AGNR.
VIII. ACKNOWLEDGMENTS

